Abstract. We prove a rigidity of the lightcone in Minkowski space. It is (essentially) the unique space endowed with a lightlike metric and supporting an isometric nonproper action of a semisimple Lie group.
Introduction
Our subject of study here is lightlike metrics on smooth manifolds. First, a lightlike scalar product on a vector space E is a symmetric bilinear form b which is positive but nondefinite and which has exactly a 1-dimensional kernel. If E has dimension 1 + n, then in some linear coordinates (x 0 , x 1 , . . . , x n ), the associated quadratic form q can be written q = (x 1 ) 2 + . . . + (x n ) 2 . A lightlike metric h on a manifold M is a smooth tensor which is a lightlike scalar product on the tangent space of each point. 1 .0.1. Characteristic foliation. The kernel of h is a 1-dimensional sub-bundle N ⊂ T M and thus determines a 1-dimensional foliation N called the characteristic (or null, normal, radical, isotropic,...) foliation of h. By definition any null curve (i.e. a curve with everywhere isotropic speed) of (M, h) through x is contained in the null leaf N x . The abstract normal bundle of N , i.e. the quotient T M/N, is a Riemannian vector bundle. Conversely, a lightlike metric is the data of a 1-dimensional foliation together with a Riemannian metric on its normal bundle.
Major motivations.
Lightlike geometry appears naturally in many geometric situations. We now list some natural examples motivating their study.
Submanifolds of Lorentz manifolds.
Let M be a submanifold in a Lorentz manifold (V, g). The metric g is nondegenerate with signature − + . . . +. However, for a given x ∈ M , the restriction h x of g to T x M does not necessarily have the same signature. Two easy stable situations are those where h x is everywhere of Riemannian type (M is spacelike) or h x is everywhere of Lorentzian type (M is timelike). In both cases, all the submanifold theory valid in the Riemannian context generalizes: there is a well-defined shape operator which satisfies the Gauss and Codazzi equations.
The delicate situation occurs when h x is degenerate for any x. Because the ambient metric has Lorentz signature, h x is then lightlike as defined above. Unfortunately, by opposition to the previous cases, these lightlike submanifolds are generally "too poor" to generate a coherent extrinsic local metric differential geometry. Let us give examples of interesting lightlike submanifolds.
1
• Horizons of domains of dependence and black holes. Unfortunately, they have an essential lack: their lower smoothness. Actually, one can believe that smooth horizons are sufficiently rigid to be classifiable (see for instance [22] for a quick definition of domains of dependence and [6, 20, 13] for more details, examples and rigidity).
• Characteristic hypersurfaces of the wave equation. On a Lorentz manifold, a wave operator defines a distinguished class of hypersurfaces called characteristic. 2 There is a nice interpretation of lightlike hypersurfaces in terms of propagation of waves: a hypersurface is degenerate exactly if it is characteristic for the wave equation on the ambient Lorentz space (see [12] ). However, except for some general elementary facts, no systematic study of the extrinsic geometry of such hypersurfaces seems to be available in the literature. One of these known facts is that their null curves, called bi-characteristics of the wave equation, are unparametrized geodesics in the ambient space (this is not true for lightlike submanifolds of higher codimension). Another property is that being a lightlike submanifold is conformally invariant (in particular, unparametrized null geodesics in Lorentz manifolds are conformally invariant!).
• Lightlike geodesic hypersurfaces. They are characterized by the fact that their lightlike metrics are basic (see the example in §1.2.1). They inherit a connection from the ambient space. See [8, 9, 23, 24] for their use in Lorentz dynamics.
• Degenerate orbits of Lorentz isometric actions. Let G be a Lie group acting isometrically on a Lorentz manifold (V, g). Then any orbit which is lightlike at a point is lightlike everywhere and hence yields an embedded lightlike submanifold in V . The problem of understanding these lightlike orbits, and more generally degenerate invariant submanifolds, is essential when studying such isometric actions.
• Terminology. We believe that the choice of the word "lightlike" is justified by the relationship between lightlike submanifolds and fields on the one hand, and geometrical as well as physical optics in general Relativity on the other hand (see for instance [21] ). Although this terminology seems natural here, it is less adapted to the general situation of "singular pseudo-Riemannian" metrics (compare with [10, 17] ).
1.1.2.
From submanifolds to intrinsic lightlike geometry. In the last example given above, when we restrict the action of the Lie group G to a lightlike orbit, we are led to study the isometric action of G on a lightlike submanifold in a Lorentzian manifold. The submanifold structure is actually irrelevant for this problem, and 1 The first two examples come from mathematical Relativity. We cannot recall detailed definitions, but in a few words, a Cauchy hypersurface in a Lorentz manifold is a spacelike hypersurface that captures all the causal structure: every timelike curve can be extended to meet it exactly once. For any spacelike hypersurface, its domain of dependence is the maximal open set in which it is a Cauchy hypersurface. The horizon of the hypersurface is the boundary of its domain of dependence.
2 In order to solve an initial data problem for the wave equation, the data must be given on a Cauchy hypersurface. The completely opposite situation occurs when the hypersurface is characteristic.
the pertinent framework is that of isometric actions on abstract lightlike manifolds. The main difficulty when dealing with this intrinsic formulation is that we lose the rigidity of the ambient action since, as we will see below, the isometry group of a lightlike manifold can be infinite-dimensional. (1, n) ). We have:
It is naturally isomorphic to the affine similarity group R × Euc n = R.O(n) R n (where Euc n = O(n) R n denotes the group of rigid motions of the Euclidean space of dimension n).
Let us now see R 1+n as a lightlike manifold. The group of its affine isometric transformations is O(0, n) R 1+n . Contrary to the nondegenerate case, there is here a huge, infinite-dimensional group of nonaffine isometries. For example, any
where ψ 2 ∈ Euc n , and ψ 1 : R n+1 → R is a smooth function with ∂ψ 1 ∂x 0 = 0, is an isometry.
• More generally, let us consider (L, g) as a Riemannian manifold and M = R×L endowed with the lightlike metric 0 ⊕ g. The null foliation is given by the R-factor, and the metric does not depend on the coordinate along it. Here we also get an infinite-dimensional group of isometric transformations given by ψ : (t, l) ∈ R × L → (ψ 1 (t, l), ψ 2 (l)), where ψ 2 is an isometry of L, e.g. ψ 2 is the identity map, and
Conversely, assume that the lightlike metric (M, h) is such that there exists a nonsingular vector field X tangent to the characteristic foliation and satisfying L X h = 0. Then locally, there is a metric splitting M = R × L as above. Observe that any vector field collinear to X will actually preserve h. In other words, any vector field orienting the characteristic foliation N preserves h. We call the lightlike metric basic in this case. This terminology is justified by the fact that h is the pull-back by the projection map M → L of the Riemannian metric on the basis L.
• A 1-dimensional foliation N on a manifold M is transversally Riemannian (one then says N is a transversally Riemannian flow) if it is the characteristic foliation of some lightlike metric h on M , this metric being moreover preserved by the local vector fields tangent to N . This data is strictly equivalent to that of a basic lightlike metric on M . Of course, the usual classical definition does not involve lightlike metrics. The reader will find in [7, 19] an introduction to the theory of transversally Riemannian foliations, with sharp conclusions in the 1-dimensional case.
The isometry group of a basic lightlike metric contains at least all flows tangent to N , so that it is infinite-dimensional and surely not so beautiful. However, these metrics are somehow tame, since at least locally the metric is encoded in the associated Riemannian one. Moreover, it was proved by D. Kupeli [17] (and reproduced in many other places) that some kind of Levi-Civita connection exists exactly if the lightlike metric is basic. The connection is never unique, so it is often necessary to consider additional structures. The most useful one is that of screen, mostly developed in [10] , which allows us to develop "calculus" and sometimes get invariant quantities (see for instance [3] ). Nevertheless, there is generally no distinguished screen left invariant by the isometry group, so this notion will not be helpful to us. This theorem, which will be proved in §2, shows in particular that for n ≥ 3, Co n is a homogeneous lightlike manifold with isometry group O + (1, n). We remark that for the sake of simplicity we will often use the notation O(1, n) for any finite index subgroup of O (1, n) . Actually, to be precise, we can say that our geometric descriptions of objects are always given up to a finite cover.
It seems likely that being homogeneous and having a maximal isotropy O(0, n−1) characterizes the flat case, i.e. R 0,n−1 , and having a maximal unimodular isotropy, i.e. Euc n−1 , characterizes the lightcone. In some sense the lightcone is the maximal symmetric nonflat lightlike space, analogous to spaces of constant nonzero curvature in the pseudo-Riemannian case.
1.3. Statement of results. The present article contains detailed proofs of the results announced in [5] . Before giving the statements, let us recall that two lightlike metrics h and h on a manifold M are said to be homothetic if h = λh for some real λ > 0. A Lie group acts locally faithfully on M if the kernel of the action is a discrete subgroup.
One motivation of the present work was Theorem 1.6 of [9] , which we state here as follows. 
Theorem 1.2 ([9]). Let G be a connected group with finite center, locally isomorphic to
O(1, n) or O(2, n), n ≥ 3. If G• G = H × H ,
where H is locally isomorphic to O(1, n).
• G has an orbit which is homothetic, up to a finite cover, to a metric product
Using this theorem and working a little bit more, we can also handle the case where some factors of G are locally isomorphic to SL(2, R) when the action is transitive. The following result can be thought of as a converse to Theorem 1.1:
Corollary 1.4. Let G be a noncompact semisimple Lie group with finite center, acting locally faithfully, isometrically, transitively and nonproperly on a lightlike manifold (M, h), i.e. M is a homogeneous lightlike space G/I, with a noncompact isotropy group I. Then a finite cover of G is isomorphic to O(1, n) × H , where n ≥ 2 and H is semisimple.
• If n = 2, then up to finite cover, the manifold M is homothetic to a metric product 
In any case, the action of G on M is the product action.
The nonproperness assumption is essential in the previous theorems. If one removes it, "everything becomes possible". Indeed, consider a Lie group L and a lightlike scalar product on its Lie algebra l. Translating it on L by left multiplication yields a lightlike metric for which the left action of L is isometric.
It is quite surprising that these kinds of global rigidity theorems can be proved in the framework of lightlike metrics, which are not rigid geometric structures (see
§1.2.1).
Here, it is in some sense the algebraic assumption of semisimplicity which makes the situation rigid. However, since any Lie algebra is a semidirect product of a semisimple and a solvable one, it is natural to first consider actions of semisimple Lie groups. When the manifold M is compact, only one simple Lie group can act isometrically, as shows:
Theorem 1.5. Let G be a noncompact simple Lie group with finite center acting isometrically on a compact lightlike manifold (M, h). Then G is a finite covering of P SL(2, R)
, and all the orbits of G are closed, 1-dimensional, and lightlike.
1.4.
The mixed signature case: sub-Lorentz metrics. This notion will naturally model the situation of general submanifolds in Lorentz manifolds. A subLorentz metric g on M is a symmetric covariant 2 -tensor which is at each point a scalar product of either Lorentz, Euclidean, or lightlike type. The point is that we allow the type to vary over M . So if (L, h) is a Lorentz manifold and M is a submanifold of L, then the restriction on h to M is a sub-Lorentz metric (this fact raises the inverse problem, i.e. the isometric embedding of sub-Lorentz metrics in Lorentz manifolds). We think it is worthwhile to investigate the geometry of these natural and rich structures (see for instance [18] for a research of normal forms of these metrics in dimension 2).
Here we restrict our investigation to an adaptation of our lightlike results to this sub-Lorentz situation.
Lorentz dynamics.
Recall the three fundamental examples of Lorentz manifolds having an isometry group which acts nonproperly. They are just the universal spaces of constant curvature:
(1) The Minkowski space:
In the case of Minkowski space, the isometry group is not semisimple. The Lorentz and lightlike dynamics are unified in the following statement, which is basically a corollary of Theorem 
So any local isometry of Co n is of the form (t, x) → (t−µ(x), φ(x)), with φ a local conformal transformation of the sphere satisfying φ * g S n−1 = e 2µ g S n−1 . Thus, the different rigidity phenomena are just consequences of classical analogous rigidity results for conformal transformations on the sphere.
SL(2, R)-homogeneous spaces.
Understanding these spaces is worthwhile in our context since one can take advantage of restricting the G-action to small simpler groups, e.g. SL(2, R) or a finite cover of it, which always exist in semisimple Lie groups.
2.2.1. Notation. Let SL(2, R) be the Lie group of 2 × 2-matrices with determinant 1. It is known that any 1-parameter subgroup of SL(2, R) is conjugate to one of the following:
The corresponding derivatives of A + and N at the identity are
Together with Z = 0 0 1 0 , X and Y span the Lie algebra sl(2, R) and satisfy the bracket relations
As usual, we denote by A (resp. K) the subgroup generated by
and aff(R) be its Lie algebra.
Disconnected 1-dimensional subgroups of Af f (R) can be constructed as follows. Let Γ 0 be a cyclic subgroup of A generated by an element γ ∈ A. The semidirect product Γ 0 N is then a closed, 1-dimensional, disconnected subgroup of Af f (R). Conversely, any closed 1-dimensional disconnected subgroup of Af f (R) is obtained in this manner.
Thanks to the "classical" classification of the SL(2, R)-homogeneous spaces, we are going to recognize the lightlike ones.
Proposition 2.1 (Classification of SL(2, R)-homogeneous spaces).
(1) Any SL(2, R)-homogeneous space is isomorphic to one of the following: Proof. The proof of the first part is standard; we just give details in the lightlike case. Let Σ be an SL(2, R)-homogeneous space of dimension ≥ 2, i.e. Σ ∼ = SL(2, R)/H, where H is the stabilizer of some p ∈ Σ which is conjugate, as shown above, to one of the following subgroups: K, N, Γ 0 N and Γ. Let h be the Lie algebra of H. Considering the isotropy representation 2) . This is just because the Killing form on sl(2, R) has Lorentz signature. If moreover ρ H (Γ) is conjugate to a subgroup of O(0, 2), then ρ H (Γ) has to be finite. Since the kernel of the adjoint representation of SL(2, R) is finite, we get that Γ is finite. Therefore the unique lightlike SL(2, R)-homogeneous space of dimension ≥ 2 with noncompact isotropy is R 2 \ {0}. In order to check that the lightlike metric has the form αdθ 2 for some α ∈ R * + , one argues as follows. We consider the basis X, Y, Z of SL(2, R) introduced in §2.2.1. By a slight abuse of language, they will also denote vector fields of R 2 \ {0} induced by the SL(2, R)-action. At p = (1, 0), the vector X is the unique nontrivial eigenspace of ρ N , and thus the orbit of p by the flow φ t X must coincide with the null leaf N (1,0) , which is therefore a radial half-line. The other null leaves are also radial, since they are images of N (1, 0) [14] , chapters II and VI]. Let G be a semisimple group acting isometrically on (M, h). This means that we have a smooth homomorphism ρ :
(g)
* h = h. Let g be the Lie algebra of G. For any X in g, we will generally use the notation φ t X instead of ρ(exp(tX)). By a slight abuse of language, we will also denote by X the vector field of M generated by the flow φ t X . We get for every p ∈ M a homomorphism λ p : g → T p M , defined by λ p (X) = X p . The flow φ t X stabilizes p iff X p = 0, and we denote by g p the Lie algebra of the stabilizer of p.
We say that X ∈ g is lightlike at p ∈ M (or isotropic) (resp. spacelike) if
We denote by s p the subspace of all vectors of g which are isotropic at 
We fix once and for all a Cartan involution Θ on the Lie algebra g. This yields a Cartan decomposition g = k ⊕ p, k (resp. p) being the eigenspace of Θ associated with the eigenvalue +1 (resp. −1).
We choose a as a maximal abelian subalgebra of p and denote m as the centralizer of a in k. This choice yields a rootspace decomposition of g, namely there is a finite family
Lie subalgebra g 0 is in the kernel of ad X for every X ∈ a and splits as a sum:
The positive Weyl chamber a + ⊂ a contains those X ∈ a such that α(X) ≥ 0 for all α ∈ Σ + . Its image by the exponential map is denoted by
The stable subalgebra (for a) W s = α∈Σ − g α and the unstable one W u = α∈Σ + g α are both nilpotent subalgebras of g mapped diffeomorphically by the exponential map of g onto two subgroups
Let us now prove a lemma which will be useful in the sequel: Lemma 2.4. The subalgebra W s X has the following properties: Finally, recall that a semisimple Lie group of finite center admits a Cartan decomposition G = KAK, where K is a maximal compact subgroup of G. [15] for a recent survey about these notions.) Definition 2.5. Let G act on M . A sequence (p k ) is nonescaping if there is a sequence of transformations g k ∈ G such that both (p k ) and (q k ) = (g k (p k )) lie in a compact subset of M but (g k ) tends to ∞ in G, i.e. leaves any compact set of G.
Nonproper actions. (See for instance
-The sequence (g k ) is called a return sequence for (p k ).
-In the sequel, we will sometimes assume that (p k ) and (q k ) converge to p and q in M .
One says that the group G acts nonproperly if it admits a nonescaping sequence.
Here is a nice criterion for actions of semisimple Lie groups of finite center to be nonproper: Lemma 2.6. Let G be a noncompact semisimple group with finite center. Then G acts nonproperly iff any Cartan subgroup A acts nonproperly.
Proof. G admits a Cartan decomposition KAK, where K is compact. Let (p k ) be a nonescaping sequence of the G-action and (g k ) its return sequence. Write
is a nonescaping sequence for the Aaction, with associated return sequence (a k ). Obviously (a k ) goes to infinity in A since (g k ) goes to infinity in G.
A key fact on the stable space
Here we state a crucial ingredient for the proofs of all our theorems. In all that follows, G is a noncompact semisimple Lie group with finite center acting locally faithfully, nonproperly and isometrically on a lightlike manifold (M, h). The main result of this section is:
Proposition 3.1. If no factor of G is locally isomorphic to SL(2, R)
, there exists a Cartan subalgebra a 0 such that for some X 0 ∈ a 0 and p 0 ∈ M , both X 0 and its stable algebra W s X 0 are isotropic at p 0 .
Starting fact.
The nonproperness of the action of G leads to a fundamental fact, already observed in [16] for Lorentzian metrics, which is the existence of p ∈ M and X ∈ a such that W s X is isotropic at p. Let us recall its proof.
Proposition 3.2 ([16]). Let a be a Cartan subalgebra of g.
( 
On the left hand side, passing to the limit yields
On the right hand side, since (q k ) lie in a compact set, 
Proof of Proposition 3.1.
The proof follows from several observations. The simplest one is that for lightlike metrics (in contrast with the Lorentz case), the isotropic direction is unique on each tangent space T p M . Furthermore, it coincides with the nontrivial eigenspace (if any) of any infinitesimal isometry fixing p. The hypothesis made in Proposition 3.1 that G has no factor locally isomorphic to SL(2, R) will only be used in Lemma 3.7.
Lemma 3.4. For any p ∈ M , the subspace of isotropic vectors s p is a Lie subalgebra of g.
Proof. Let X, Y ∈ s p , and let φ t X be the isometric flow generated by X on M . Then
Since X, Y are isotropic at p, their integral curves at p are supported by the null leaf N p and thus
) is also isotropic. Together with the observation made above, this yields the lemma. 
Proof. Suppose by contradiction that
Since G preserves the lightlike scalar product h p , it is mapped by ρ into a subgroup of O(0, n). Thus, at the level of Lie algebras, we get a homomorphism dρ : g → o(0, n). Now, we prove:
Proof. Without loss of generality, we can assume that g is simple. Let λ be a homomorphism from g to o(0, n), and let π be the projection from o(0, n) to o(n). Consider the homomorphism λ • π : g −→ o(n). Since g is simple and noncompact, it has no nontrivial homomorphism into the Lie algebra of a compact group; this implies that λ • π is trivial. So, g is mapped by λ into the kernel g 0 of π, that is, the algebra of matrices of the form
and g is simple, we conclude that λ is trivial.
As a corollary, the ρ-image of any connected compact subgroup K ⊂ G is trivial. However such K preserves a Riemannian metric. But on a connected manifold M , a Riemannian isometry which fixes a point and has a trivial derivative at this point must be the identity on M . This is easily seen since in the neighborhood of any fixed point a Riemannian isometry is linearized by the exponential map. Hence K acts trivially on M , and therefore G does not act faithfully, which contradicts our hypothesis and completes the proof of our lemma.
Lemma 3.7.
If G has no factor locally isomorphic to SL(2, R), then no Cartan subalgebra a meets the stabilizer subalgebra:
Proof. Assume by contradiction that a ∩ g p = {0}, and let us take X = 0 in this intersection. Apply Remark 3.3 to X to get that the subspaces W s X and W u X are both isotropic at p. It is a general fact that the Lie subalgebra n generated by W s X and W u X is an ideal of g (see for instance [16] ), hence is a factor of g. It acts on the License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use 1-dimensional manifold N p . This action is faithful. Otherwise its kernel s would be the Lie algebra of a semisimple group S ⊂ G which would have fixed points on M , in contradiction with Lemma 3.5. Now, the only semisimple algebra acting faithfully on a 1-dimensional manifold is sl(2, R). This contradicts our hypothesis that g has no such factor. Lemma 3.8. Let H be a Lie group with Lie algebra sl(2, R).
(1) If H is linear, then it is isomorphic to either SL(2, R) or P SL(2, R). (2) If H is a subgroup of a Lie group G with finite center, then it is a finite covering of P SL(2, R).
Proof. The point is that all the representations of the Lie algebra sl(2, R) integrate to actions of the group SL(2, R) itself, and not merely its universal cover. Indeed all the irreducible representations are isomorphic to symmetric powers of the standard representation, or equivalently to representations on spaces of homogeneous polynomials of a given degree, in two variables x and y (see for instance [14] , section I.9). Clearly, SL(2, R) acts on these polynomials, and P SL(2, R) acts iff the degree is even. For the last point, observe that the adjoint representation of G has finite kernel.
End of the proof of Proposition 3.1. From Proposition 3.2, there exist X ∈ a and p ∈ M such that W s X is isotropic at p. Since g has no local factor isomorphic to sl(2, R), we have dim W By the Jacobson-Morozov Theorem (see [14] , Theorem 10.3), the nilpotent element Y 0 belongs to some subalgebra h isomorphic to sl(2, R), i.e. generated by an sl 2 
Let H ⊂ G be the group associated to h. From the lemma above and the fact that G has finite center, H is a finite covering of P SL(2, R). Let us call Σ the H-orbit of p. Because in any finite-dimensional representation of sl(2, R) any Rsplit element is mapped on some R-split element, the Cartan subalgebra RX 0 is contained in a Cartan subalgebra a 0 of the ambient algebra g. By Lemma 3.7, we know that X 0 does not vanish at p. On the other hand Y 0 vanishes at p, which implies RY 0 = g p . In particular, Σ is 2-dimensional and cannot be Riemannian because Y 0 ∈ g p shows that the action of H is nonproper on Σ. We obtain the fact that Σ is a lightlike surface homothetic, up to finite cover, to (R 2 \ {0}, dθ 2 ). We already mentioned that H acts nonproperly on Σ. The group exp(RX 0 ) is a Cartan subgroup of H, and by Lemma 2.6 exp(RX 0 ) also acts nonproperly on Σ. Thus we can find (q k ) as both a sequence of Σ converging to p 0 ∈ Σ and a sequence of return times (t k ), such that h k .q k converges in Σ, where h k = exp(t k X 0 ). Now we apply the first part of Proposition 3.2 to X 0 and a 0 , and deduce that W
is defined relatively to a 0 ). In particular Y 0 is isotropic at p 0 , and Fact 2.3 then ensures that X 0 is also isotropic at p 0 . 
Since we already saw that X 0 is in a Cartan subalgebra of g, this yields a contradiction with Lemma 3.7.
4.2.
Proof in the simple case. We now give the proof of Theorem 1.3, assuming that the group G is simple with finite center, not locally isomorphic to SL (2, R) , and the action is transitive and nonproper. The general case of semisimple groups will be handled in the next section. The proof will be achieved in several steps (let us mention that some of the arguments below are similar to those in [9] ).
Step 1. There exist p ∈ M and X in some Cartan subalgebra a such that W s X ⊂ g p . Proof. Proposition 3.1 says that for some p ∈ M , there exists X in a Cartan subalgebra of g such that both X and W s X are isotropic at p. For any Y in W s X , the Lie algebra generated by X and Y is isomorphic to the Lie algebra aff(R) and acts on the null leaf N p . Up to isomorphism, there are exactly two actions of aff(R) on a connected 1-dimensional manifold:
(1) The usual affine action of aff(R) on the line. For this action, a conjugate of X vanishes somewhere. (2) The nonfaithful action, for which Y acts trivially. The first case cannot occur without contradicting Lemma 3.7, so that only possibility (2) occurs and thus W s X ⊂ g p .
Step 2. The R-rank of g equals 1.
Proof. Suppose the R-rank of g is greater than 1. Let α be a root such that Let T α and T α+β be the vectors of a dual to α and α + β, respectively. They are linearly independent. Moreover,
, and the same is true for T α+β , By the first step and Lemma 2.4, T α and T α+β are isotropic at p. Hence, there is a nontrivial linear combination of them which vanishes at p. This contradicts Lemma 3.7 claiming that a ∩ g p = {0}. Therefore, g has rank 1.
Remark 4.2. It is exactly here that we need G to be simple!
Step 3. The Lie algebra g is isomorphic to o(1, n).
Proof. Suppose that g is not isomorphic to o(1, n); then we have two roots α and 2α such that α(X) > 0. Proof of the claim. The rank 1 simple Lie groups of noncompact type are known to be the isometry groups of symmetric spaces of negative curvature, namely the real, complex and quaternionic hyperbolic spaces, together with the hyperbolic Cayley plane. A direct computation can be performed to prove the claim. Let us give another synthetic proof. By contradiction, if [g 2α , g −α ] = 0, the sum l = g 0 + g −α + g −2α + g 2α would be a subalgebra of g. For the sake of simplicity, let us work with groups instead of algebras. Let L be the group associated to our last subalgebra l. Clearly, L is noncompact. The point is that there is a dichotomy for noncompact connected isometry subgroups of negatively curved symmetric spaces. If they have a nontrivial solvable radical, then they fix a point at infinity and thus are contained in a parabolic group. In particular, they have a compact simple Levi part (see [11] ). If not, the group is semisimple. It is clear that our L contains a noncompact semisimple group, and therefore by the dichotomy it is semisimple. But in this case, L will have a "symmetric" root decomposition, i.e. the negative of a root is a root, too. Thus, there must exist a nontrivial root space corresponding to α, which contradicts the definition of l.
Step 4. The full isotropic subalgebra is
Proof. Recall that m is the Lie algebra of the centralizer of a in the maximal compact 
Step 5. The full stabilizer subalgebra is g p = m ⊕ g −α . Proof. Every Z ∈ m is isotropic at p. Suppose by contradiction that Z / ∈ g p . Then there exists an element Z + λX ∈ g p , λ ∈ R * . We let it act on the normal space of the null leaf.
The action of X on g/s p is identified to its action on g α by the previous step. In particular the X-action has nonzero real eigenvalues.
The action of m on g/s p has purely imaginary eigenvalues, since m is contained in the Lie algebra of a maximal compact group. This is particularly true for the adjoint action of Z.
On the one hand, since X and Z commute by definition of m, the action of Z + λX on g/s p must have eigenvalues with nontrivial real part.
On the other hand, Z + λX ∈ g p acts as a skew symmetric endomorphism on g/s p , and thus has only purely imaginary eigenvalues: a contradiction. This shows that m ⊂ g p , but since a ∩ g p = 0 and g p ⊂ s p , we infer from the previous step the equality g p = m ⊕ g −α .
End. Since g is isomorphic to o(1, n) and the Lie algebra of the stabilizer g p is isomorphic to the Lie algebra of the group of Euclidean motions Euc n , we conclude that M is covered by O(1, n)/Euc n endowed with a left-invariant lightlike metric. All those metrics are homothetic to that of the lightcone in Minkowski space. Finally, because n ≥ 3, the covering O(1, n)/Euc n → M has to be finite, which completes the proof of Theorem 1.3 when G is simple. O(1, n) , n ≥ 3, and H.p is homothetic to Co n up to a finite cover. There is a semisimple group H such that G is a finite quotient of H × H . This product still acts locally faithfully on M , so that we will assume G = H × H in the following. Consider O = G.p, the G-orbit containing H.p. The remaining part of Theorem 1.3 will follow from the geometric description of O: up to a finite cover, it is a direct metric product H.p × H .p. This is the content of the following proposition, which will also be useful when dealing with groups having factors locally isomorphic to SL(2, R). O(1, n) , n ≥ 2, and H is semisimple. , up to a finite cover, G has a factor G isomorphic to  O(1, n) or O(2, n) and having some orbit homothetic to dS n or AdS n .
Proposition 4.5. Let G be a semisimple Lie group acting locally faithfully transitively and nonproperly on a lightlike manifold (M, h). We assume that G = H ×H , where H is isomorphic to
Observe now that most developments along the article, in particular Proposition 3.2, do not explicitly involve the lightlike nature of the ambient metric and apply equally to the Lorentz case and to the general sub-Lorentz case. This allows one to find a nonproper G-orbit O, i.e. with a stabilizer algebra containing nilpotent elements (see the end of proof of Proposition 3.1). Let x 0 ∈ O.
If the ambient metric at x 0 is Lorentz, then we just apply Theorem 6.1 to the Lorentz manifold M which is the open subset of M comprising the points where the metric is Lorentz.
If the metric at x 0 is of Riemannian or lightlike type, then we first observe that the G-action on O is locally faithful. The proof in this mixed situation proceeds exactly as that of Lemma 3.5 in the (pure) lightlike case. By contradiction, if a factor H of G fixes O pointwise, then its infinitesimal isotropy at x 0 is trivial (because the metric at x 0 is Riemannian or lightlike). Hence the action of any connected compact subgroup of H is trivial, contradicting the fact that G acts faithfully (see the proof of Lemma 3.5). Now, since the stabilizer algebra at x 0 contains nilpotent elements, and since the action on O is locally faithful, we get that O cannot be Riemannian, hence is lightlike. We then apply Theorem 1.3 to deduce that O is homothetic to a lightcone Co n (up to a finite cover).
6.0.1. Some remaining questions. The results of [9] are stronger than the statement of Theorem 6.1, since they contain a detailed geometric description of the Lorentz manifold M (a warped product structure...). This is the missing part of Theorem 1.3 in the lightlike nonhomogeneous case and Theorem 1.6 in the sub-Lorentz case. In particular, in this last sub-Lorentz situation it remains to see whether the manifold is or is not pure, i.e. if we can find examples of nonproper actions where a lightlike part and a Lorentz one coexist.
